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1apier Ten » Network Flows 109  Multicomiodity and Gain/Loss Flows
dashed arcs (2, 6} an_':d (6.2} in Figure 10.22. If a ferry were introduced. it could carry
2000 cars in each direction during the morning rush period. We want to know how
many kilometers of driving might be saved,

TabLE 10:4  Bay Ferry Example Madel

min 35y 3+ 38 25+ 305+ 350+ 55y 5008 50y 43 {minimive driving)
150 s 150 g+ dr s 5 AN s + 250 67+ 250 76
i i ; +3.5x + 3505+ B3+ 30 304+ Sxa 34+ SXo4a
L 9 2.2 231 22 232 234 24,5
Mul tzca‘mmad: ty Flf,‘w Models 5 18xp4 0+ 15050 Hsp+ 4X10s + 250007 % 255274
Clearly. Figure 10.22 depicts a low network. But what is ilowing? If we treat all trips
as equal, we have only a single commodity. Then, however, it would be feasible to

fulfilt the demand for 1250 trips from origin node 4 a1 sink node 7 with trips from

© 38xy 2 F 3500y 4 Jransr By gt Sk554+ 3a4
4 18 ag+ 150y 50 T g+ WXaps ¥ 250359+ L3000,

Sho Xy -Xpg2 = 2850 {cormmodity 1)

a a . - " " N - X - - & §
any source. Naturally. a minimum distance solution would prefer ones [rom nearby Flaz Miaa® Naa— il T faa T i ;2:;
source 5, Jeaving demands for node 3 trips at Jocations 2 and 3 to be filled from the TaaaT e M':m‘r':!'}'d - a0
H 3 . ta : ‘._1‘ - K _.‘ = A'S =
closer source 1. Such a solution makes no sense for the application because trips are r::: +.r:i<—.x,;:4,-x.i; 5 = 19
not fungible. _ Xpag® Frse b Xiaat Xiga-Xies—Xiay = 600
We mast formr separate commodity networks for trips from each of the three Frez7eFiTa = ;
sources That is. we must model in multiple commodities. Still, the commodities Tl . 22,22 (eommadiiy2)
are not independent. All share the 2000-trip capacity of the proposed ferrv. Such iz'lzfz.?'sy ?ﬁ’z_?ﬁ TR 1100
3 e STHES 1o S e fi h A3 ARAZ TAL32T 34 - -
nterdependencies are typical of multicommodity flows. Xaa4+ Xasa ~ X243~ X245 = 600
. Ypas T Anas T ¥2za T Vo5 = £50
10.47:1.C s e i DT L SO g ¢ Soagt Ypsat Nazpt Nez~Yzaspar = 1400
47| Commedities of-a multicommodity:flo P = 1250
—— e B b ; RIS = s
arately bécause they interaet through shared arccapaci o = Ho (commaodity 3}
M = 4000
Suppose that we employ constants . 233?)
Cy.1j 2 unit cost of commodity ¢ flow in arc (/7. /) - 423}:}2
iy L shared capacity of arc (4 ) FrpreYana = 2440 o
. . Frzat X6t ¥ias € 2400 {capacities)
by & net demand for commadity ¢ at node & Xy a2  Kpa2t Nan2 < 2000

and the decigion variables ail ;20

Xq.4; 2 commodily g flow in arc (4, /)

An optimal solution reduces the total driving to 280,770 kilometers, a savings
of 29.7%. This is accomplished by accommodating x; 2.6 = 1160 commodity 1 trips
on the 2-to-6 ferry, and 1224 = 840 commodity 2. In the reverse direction the ferry
carries x35.2 = 2000 commodity 3 trips,

.i0.48f The multicommodity network flowmodetor
and arcs (i, j)€ A is :

min ' 30 > cqiiti
']

e

s.L Z Xegik ™ Z Kok, ='bq!'_&_

L e SAMPLE EXERCISE1D,20: FORMULATING MULTICOMMODITY FLOWS
fora & kE Vi Baditiits e ke . ’ :

(hkred thfyad Consider the fallowing multicommaodity flow problem:
Z: Ko Ty (1,9,-1)

q

Xgij 2 0

Table 10.4 presents the corresponding formulation of our Bay Ferry example.
There commodity 1 correspands to fows from origin node 1, commodity 2 denotes
flenws Trom residential node 4, and commodity 3 rédates Lo residential node 5. Notice
that there are separate systems of flow conservation equations for esel commodity,
plis a common sed of capacity constraints on the 1wo ares with flow Himits, )

(0,0.0,1)

N

(1,10 ©,-1.1)
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Chapter7 Netwaorks, Distribution, and PERT/CPM Extensions of Network LP Models 139

origin, not by both origin and destination. Thus, you have as many comnodities as MIN

5 X655 + 5 X652 + 5 X651 + 5 X645 + 5 X642 + 5 X641
{here are origins, rather than (number of crigins} * (number of destirations). For ex- + g igig + 'é i:ig + ‘; égﬁ + ; ;ggg * g ng; + 7 Xt’;él
. . s . o . i + + + -+ + X + 3 X561
a‘mple, in a 100-city problem, usmg this nbservation you would have 100 commodi  f RB4S + 6 X547 + G %541 + 3 X535 + 3 %532 + 3 X531
ties rather than IQ,DOO commodities. ) _ + 8 X515 + 8 X512 + 8 X511 + 6 X465 + 6 X462 + & X461
Among the biggest examples of multicommeodity network problems in existence + 5 XA55 + 5 X452 + 5 X451 + 3 X435 + 3 K432 + 3 X431
are the Patient Distribution System models developed by the U.S. Air Force for plan- F 3 X425 + 3 X422 + 3 X421 + 7 X415 + 7 X412 + 7 X411
ning for transport of sick or wounded personnel. + 5 X365 + 5 X362 + 5 X361 + 3 X355 + 3 X352 + 3 M351
+ 2 X345 + 2 X342 + 2 X341 + 5 X315 + 5 X312 + 5 X311
) + B X265 + 6 K262 + 6 X261 + 4 X255 + 4 X252 + 4 X251
_ . . ] + 2 X245 + 2 X242 + 2 X241 + 3 X235 + 3 X232 + 3 X231
7.8.3 Multicommodity Flow Example L9 XI55 + U X162 + 9 X161 + § X155 + 9 X152 + 9 X151
_ . e } ) _ + 8 X145 + 8 X142 + 8 X141 + 5 X135 + 5 X132 + 5 X131
You have decided to compete with Federal Express by offering “point to point” ship- + 4 X125 + 4 X122 +.4 X121
ment of materials. Starting small, you have identified six cities as the ones you will SUBJECT TO .
first serve. In the matrix below is tabulated the average nurmber of tons that potential ! Balance constraints, for each commodity k, ity ii

BALL1) X611 + X511 + X411 + X311- X181 - X151 - X141

customers need to move between each origin/destination pair per day. For example, ~ Y131 - X124 = 25

people in city 2 need to move 4 tons per day to city 3.

BAL12) X621 + X421 - X261 - X251 - X241 - X231 + %121 = 5
. ) . BAL13) X631 + X531 + ¥431 - X361 - X351 - 341 - X311
Demand in tons, Caost/ton Shipped, Capacityin tons, + %231 ¢+ X131 = g
D, /), by 0/D Pair C{i, ), by Link Ui, 3, by Link BAL14) X641 + X541 - X461 - X451 - X431-X421-%411
10 t 23 45 6 123 45 6 123456 ) + %341 + X241 + X141 = 7
) BALLG) ¥651 - X561 - X541 - X531 - X511 + X451 + X351
1 ]059704 045899 02321720 + X251 + X151 = G
1 0 46 0 39 BAL16) - X651 - X641 - X631 - X621 - X611 + X561 + X461
2 10040 3032 028 ¢ X361 + X261 + X161 = 4
=3 0000 DOD 530235 3001 39 BAL21) X612 + X512 + X412 + X312 - X162 - X152 - X142
2, 000000 733056 5460509 - X132 - X122 = 0
w BAL22) X622 + X422 - X262 - X252 - X242 - X332 + X122 = -5
5 040208 3536403 1027 09 BAL23) X632 + K532 + 432 - X362 - X352 - X342 - X312
6 00 o 7 9 0 _ + X232 + X132 = 4 .
o090 ? 4550 2999 BALZ4) X642 + X542 - X462 - X452 - X432 - X422 - X412
‘ ' _ + A342 + X242 + X142 = D
Rather than use a hub system as Féderal Express does, you will ship ihe materials BAL25} K652 - X562 - X542 - X532 - X512 + X452 + X352
over a regular directed network. The cost per ton of shipping from any node i te any + XJ52 + X152 = 1
other node j is denoted by C(i, ). There is an upper Umil an the number of tons BAL28) - ;ggé - ig’ég - ifzg - xszg - X612 + X562 + X462
. . - oo . . . . + . + + =
sh'lp;)ed per day over any link in the netwo.rk of UL, j). T.hlS capacity resirzcu.er.l ap AALE1} X615 + %516 + %415 + X315 - X165 - X155 - X145
plies to the total amount of all goods shipped over that link, regardless of origin or ~ %135 - X125 = o
destination. Note that U(i, j) and C(%, j} appiy to links in the network, whereas D{i, J) BALS2] X625 + X425 - X265 - X255 - X245 - X235 + X125 = 4
applies to origin/destination pairs. This capacity restriction applies only to the di- BAL53} X635 + X535 + X435 - X365 - X355 - X345 - X315
rected flow; e.g., U{i, /) need not equal U, i). It may be that none of the goods 54 + éig * iéig = '462 2455 415 " “
s bt . o B X + X545 - X - - X - X4 - X415
shipped [rom origin { to destination j moves over link {3, j). It is {mportant that goods v R34E & ¥245 + X145 = 2

maintain their identity as they move through the network. Notice that city 6 looks BALSE) X855 - X565 - X545 - X535 - X515 + X455 + X355

like a hub; it has high capacity to and from all other cities, + ¥255 + X155 = —14

In order to get a compact formulation, we note that only three cities, 1, 2, and 5 . BALGE) - X655 - X645 - X635 - X625 - X615 + X585 + X465
are suppliers. Thus, we need keep track of enly three commodities in the network, - " - 3365 +,Xi55' ; X185 . i .
o . " s o ) o ! Capacity constraints, for each link i,3J:
corresponding to the city of origin of the commodity. Define: pCAPlg) Sioe s w22 + %131 <= 3 ]

Xy = tons shipped from city i te city j of commodity k. CAP13) X135 + X132 + X131 <= 3

CaPpld) X145 + X142 + X141 <= 2

The resulting formulation is: CAP15) X155 + X152 + X151 <= 1




‘hapter 7 Networks, Ristribution, and PERT/CPM

CAP1E) X165 + X162 + X161 <= 20
CAP23} X235 + X232 + X231 <= 2
CAP24) X245 + X242 + X241 <= 8
CAP25) X255 + X252 + X251 == 3
CAP26) X265 + X262 + X261 <= 9§ .
CAPIL) X315 + X312 + X311 <= 3
CAP34} X345 + X342 + X341 <= 1
CAP35) X355 + X352 + X351 <= 3
CAP36) X365 + X362 + X361 <= 9
capdl) X415 ¢ X412 + X411 <= 5§
CAP42) X425 + X422 + X421 <= 4
Cap43) X435 + X432 + X431 <= 6
CAP45) X455 + X452 + X451 <= 5
CAP4E) X465 + H462 + X461 <= 9
CAP51l) | X515 + X512 + X511 <= 1
CAP53) - X535 + X532 + X531 <= 2
CAPS4) X545 + X542 + X541 «= 7
CAPS6) X565 + X562 + X561 <= 9
CAP61) X615 + X612 + X611 <= 9
CAP62) X625 + X622 + X621 <= 9
CAPE3) X63h + X632 + X631 <= 9
CAPE4) X645 + X642 + X4l <= 9
CAP63) X655 + + X651 <= 9

X652
END ’

Notice that thefe are 3 (commodities) x 6 [¢ities) = 18 balance constrdints, If instead
we identifiad goods by origin/destination combination rather than just origin, there
would have been 9 x 6 = 54 balance constraints. Solving, we get: ~

OBJECTIVE FUNCTION VALUR

1y - 361.000000

VARIABLE VALUE REDUCED COST
%641 5.000000 0.000000
X631 5.000000 0.000000
X621 3.000000 0.000000
X565 2.000000 0.000000
%545 5.000000 0.000000
X535 1.600000 0.000000
X531 1.000000 0.000000
X432 2.000000 3.000000
X425 4.,000000 0.000000
X345 1.000000 0.000000
X252 1.000000 '0.000000
X242 2.000000 0.000000
X232 2.000000 4.000000
X161 17.000000 4,000000
X151 1.000000 0.000000
X141 2.000000 0.000000
X131 3.,000000 0.000000
X121 2.000000 0.000000
ROW SLACK CR SURPLUS DUAL PRICES
BAL12) 0.000000 -16.000000
BAL13) 0.000000 -13.000000

BALL4) 0.000000 ~-14.000000

Extensions of Network LP Models 141

BAL1S) 0.000000 -5.000000
BALLG} 0.0000600 . ~-9.000000
BALZ23} 0.0000600 -5.000000
BAL24) 0.000000 -2,000000
BALZ5) 0.000000 -4.,000000
BAL26} 0.000000 -1.000000
BAL52) 0.00C000 -1.000000
BALS3} G.000000 4,000000
BALDS4} 0.000000 2.000000
BALS5} 0.000000 8.000000
BALS6) 0.000000 5.000000
CAPIZ2) 0.000000 12.000000
CAP13) 0.000000 - 8.000000
CaPL4) 0.000000 6.000000
CAP23} 0.000000 2.00000¢
CAPS3) 0.000000 1.000000¢

Notice that because of capacity limitations ¢n other links, the depot city, 6, is used
for many of the shipments.

7.8.4 Fleet Routing and Assignment

An important problém in the airline and trucking industry is flest routing and as-
signment. Given a set of shipments or flights to be made, the routing part s con-
cerned with the path that each vehicle takes. The assignment part is of interest if the
firm has several différent fléets of vehicles available. The question is, then, what
type of vehicle {s assigned (¢ each flight or shipment, We will describe a simplified
version of the approach used by Subramanian et al. (1994} to do {leet assignment at
Delta Airlines. '

To motivate things, consider the following set of flights serving Chicago {ORD},
Denver (DEN} and Los Angeles (LAX) that United Airlines offered at one time on a
typical weekday.

Daily Flight Scheduie

City Time

Flight Depart Arrive Depart Arrive
1 221 ORD DEN 0800 0934
2 223 ORD DEN 0900 1039
3 274 LAX DEN 0800 116
4 105 ORD LAX 1100 1314
5 228 DEN ORD 1100. 1423
G 230 DEN ORD 1200 152]
7 259 ORD LAX 1400 1609
8 293 DEN LAX 1400 1510
9 412 LAX ORD 1400 1959
10 766 LAX DEN 1600 1912
il 238 DEN ORD 1800 2121
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