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R
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ell's S

upply C
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D
ell, Inc., im

plem
ents a

d
' 

sold d
irect! 

t 
,rect-sales business m

odel in w
h ich personal com

puters are 
Y

 o custom
ers in tbe U

n ited States. W
h en an order arrives from

 a custom
er, 

th e spec1f1cations are sent to a m
anufacturin 

puter is built, tested. and packaged in abo
ut 8 h 

g plant in A
ust in, Texas, w

here the com
-

suppliers, norm
ally located in Southeast A

· 
ours. D

ell carries little inventory. Its 

"revolving" in
ventor 

Sia
, are required to keep w

hat is know
n as 

y on hand in revolvers (w
arehouses) near the m

an
ufacturing 

plants. T
hese revolvers are ow

ned by D
ell and leased to th 

parts as needed from
 the revolvers, and it is th 

e suppliers. D
ell then "pulls" 

the inventory to m
eet D

e ll 's d 
e suppliers'

responsibility to replenish 
em

 and. A
lthough D

ell d 
revolvers, its cost is indirectl 

oes not ow
n the inventory in the 

y passed on to custom
ers through 

T
hus, any reduction in inventory directly benefits D

ell' 
com

po
nent pricin

g. 

prices. T
he proposed solution has resulted 

s custom
ers by reducing product 

tn an estim
ated $2.7 m

illion in annual 
savings. C

ase 13 in C
hapter 26 on the w

ebsite details the study. 

C
O

N
T

IN
U

O
U

S REV
IEW

 M
O

D
ELS 

T
his section presents tw

o m
odels: (1) a "probabilitized''version of the determ

inistic 
E

O
Q

 (S
ection 13.3.1) that uses a buffer stock to account for probabilistic dem

and and 
(2) a m

ore exact probabilistic E
O

Q
 m

odel that includes the random
 dem

and directly 
in the form

ulation. 

"P
robabilitized" EO

Q
 M

odel 

S
om

e practitioners have sought to adapt the determ
inistic E

O
Q

 m
odel (Section 13.3.1) 

to
 approxim

ate the probabilistic nature of dem
and. T

he critical period during the 
inventory cycle occurs betw

een placing and receiving orders. T
his is the tim

e period w
hen 
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of
stock) could occur. T

h
e id

ea th
en

 is to
 m

aintain a constant 
buff已

血
cs

that w
ill{

llt a cap on the probability o
f shortage. Intuitively, low

er shortage 

一
en1BiJsIm

p buffer stock, and vice versa. 
F

igure 16.1 depi洫
虹
；

rdatiooship betw
een th

e b
u

ffer stock, B
, an

d
 the pararne-

tasofthe
一

E
O
Q

m
odel th

at include th
e lead

 tim
e, L

; th
e average dem

and 
恤
導

lead區
e.,ifiS--'

缸
EOO,l.Note

th
at L

is th
e effective lead

 tim
e as defined 

in
 Seclion 13.3.L

 i
·
 

The m
ain M

IIIID
plion o

f th
e m

o
d

el is th
at th

e d
em

an
d

 p
er u

n
it tim

e is norm
al 

血
一

D
an

d~
deviation ,r-th

a
t is, N

(D
, ,r). U

n
d

er this assum
ption, the 

clem
8D

d during
·

tim
e

 L
 m

u
st also b

e n
o

rm
al w

ith
 m
e
a
n
枳

l.
=

 D
L

 an
d

 stan dard 

一
"L

=
 v

't;i.1
b

e
,..fo

ru
L

a
s
m

m
e
s
 th

at L
is (approxim

ated, if necessary, 

by)anint哼
三

value. '
The m

e o
f th

e b
u

ffer B
 is d

eterm
in

ed
 su

ch
 th

at th
e p

ro
b

ab
ility

 o
f shortage 

during L
 is at m

o
st a

. L
e

t "L
 b

e
 th

e d
em

an
d

 d
u

rin
g

 lead
 tim

e L
, th

en
 

P(,cL a: B
 +

 P.LJ s a 

墮
N(0,1). i 一

~
(
a
s

defined in
 S

ection 14.4.4), w
e g

et 

P
{ia: ¾} 

S
a

 

p
a

ra
m

e
te

r K
. fo

r lbe standard norm
al distribution such th

at P
{ z z k。 1~a 

也
）,it follow

s that 

B
i!: ITL氐

1um
 value o

f B
. (T

h
e v

alu
e o

f K
。
can

be 
/Stal 

deter· 

, le in
 A

p
p

en
d

ix
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 o
r b

y
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g
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K
。

FIGURE 16.2 

' 
Probability of running out of St<lCk, 
P

(i;,; K
. J =

 c, 

E
x

am
p

le 16. 1-1 

In E
xam

ple 13.3-1. dealing with dete
· · 

rm
m

m
g the invcnto 

units. A
ssum

e that the dai/ 
d 

Y
 em

and is N
(IO

O
, 10)-that is, D

 =
 JOO 

ry policy of neon lights, the E
O

Q
 is 1000 

u =
 JO units. D

eterm
ine the buffer size. B

 
units and standard deviation 

, using a =
 .05. 

From
 E

xam
ple 13.3-1

, the effecrive lead tim
e is

l =
 2days. Thus, 

枳
.

=
 D

l =
 100 X

 2 =
 200units 

，L=
羣
＝
严
=

14.14units 

G
iven K

。s
=

 I紅
5, the buffer size is com

puted as 

B
~

14.14 X
 1.645"'23neon lights 

T
he (buffere

d
)
·
 

opum
al inventory policy calls for ordering 1000 units w

henever the inventory 
leve ld

rops
to

2
2

3
(=

8
 +

µ
L

 =
 23 +

 2 x lO
O

)units 

PR
O

B
L

E
M

 S
E

T 1
6.1A

 

1. 
In E

xam
ple 16.1-1, determ

ine the optim
al inventory policy for each of the follow

ing cases: 

*(a) 
L

ead tim
e =

 lSdays. 
(b) 

Lead tim
e =

 25 days. 

(c) 
L

ead tim
e =

 9days. 
(d) 

L
ead tim

e =
 12 days. 

2. 
T

he daily dem
and for a popular C

D
 in a m

usic store is approxim
ately N

(200, 20). The cost of 
keeping the C

D
 on the shelves is $.04 per disc per day. It costs the store $100 to place a new

 
order. T

here is a 7-day lead tim
e for delivery. D

etem
1ine the store's optim

al inventory policy 

given that the store w
ishes to lim

it the P robability of shortage to at m
ost .02. 

3. 
T

he daily dem
and for cam

era film
s at a gift shop is N

(300, 5). T
he cost of holding a roll 

in the shop is $.02 per day, and the fixed cost o P 
f 

lacing a replenishm
ent order is $30. 

T
he shop's inventory policy is to 0rder 150 rolls w

henever the inventory level drops to 

80 units. It sim
ultaneously m

aintains a buffer of 20 rolls at all tim
es. 

(a) 
D

eterm
ine the probability 0 f running out of stock. 

(b) 
G

iven the data of the situation, 
·re

c
o

m
m

end an inventory policy for the shop given 

that the shortage P
 robability cannot exceed .10. 



~
 

5
9

0
 

C
hapter 1

6
 

Probabilistic
扁
m
面

Models

1
6

.1
.2

 
P

robabiH
stic E

O
Q

 M
o

d
el 

T
h

e basis for th
e developm

ent o
f th

e "probabilitized" E
O

Q
 m

o
d

el in S
ection 16.l 

"pla11S1ble," b
u

t th
ere is n

o
 reason to

 believe th
at th

e m
o

d
el yields an

 optim
al inv 

.! IS 

policy. T
h

e fact th
at pertinent inform

ation regarding th
e probabilistic n

atu
 

entory 
re o

f deniand 
is initially ignored. o

n
ly

 to
 b

e "revived" in a totally in
d

ep
en

d
en

t m
an

n
er at a 

o
f th

e calculations, is sufficient to
 refute o 

tunalit . T
 

h
·
 

later stage 
p 

y 
o rem

ed
y

 t 
e situation, th· 1s section 

p
resen

ts a m
o

re aocurate m
o

d
el in

 w
hich th

e p
ro

b
ab

ilistic n
atu

re o
f th

e ct em
and is 

included d
ircctfy in

 th
e form

ulation o
f th

e m
odel. O

f course, h
ig

h
er accurac Y

 com
es at 

t
h
e
e平

nse
o

f m
o

re com
plex com

putations. 

F
igure 16.3 depicts a typical change in inventory level w

ith tim
e. S

h
o

rtage niav or 

m
ay

 n
o

t occur d
u

rin
g

 (possibly ran
d

o
m

) lead
 tim

es, as illu
strated

 b
y

 cycles 1 and 2, 

respectively. T
h

e policy calls fo
r o

rd
erin

g
 th

e q
u

an
tity

 y w
h

en
ev

er th
e am

ou
nt of 

inventory on b
an

d
 drops to

 level R
. A

s in
 th

e determ
inistic case, th

e reo
rd

er level 

a function o
f th

e lead
 tim

e betw
een 

R
 is 

placing an
d

 receiving an
 o

rd
er. T

h
e optim

al values 

o
f Y

 an
d

 R
a
re

 d
eterm

in
ed

 b
y

 m
in

im
izin

g
 th

e ex
p

ected
 su

m
 o

f setu
p

, holding, and 

sllorlage costs p
er unil tim

e. 

T
he m

odel is based on th
ree assum

ptions: 

L
 U

nfilled dem
ancW

m
ing lead

 tim
e is backlogged. 

2
. N

o
 m

ore than C
llie

 outstanding o
rd

er is allow
ed. 

3. 11le distribution o
f d

em
an

d
 d

u
rin

g
 lead

 tim
e rem

ain
s statio

n
ary

 w
ith tim

e. 

T
o d

efelo
p

 the國
由
正

function
p

er u
n

it tim
e, let 

/(z
) =

 p
d

(
f
lf

~
z
.d

u
r
in

g
 lead

 tim
e 

D
=
&
p
e
i
這
一

per
u

n
it tim

e 

lJ =
 H

oldiagcost per inventory unit p
er u

n
it tim

e 

,,-
Sbonaae C

O
it per inventory u

n
it 

.K•Setupc:io鸝
perorder

y 
I
I
I
I
I
 

y_
 

刁．

臣

！
｀
土
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匕
一
五

d恤
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I-L
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 槀
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ion are now
 ct eterm

ined. 
l. S

etup cosr. T
he a 

cost p
er unit 

pproxim
ate 

tim
e is

ary 
num

ber o
f orders 

2
. E

xpected
 hold

" 
1 

, pro汕
niately

坦
2_

per unit tim
e is f, so that the setu

p
 

m
g cosc. G

iven / 
cost p

er unit f 1m
e is h

/.1
h

c 
1s the average inv 

, ·ier~g'! m
vento 

entory level, th 
ry level i 

e expected hold' 
s com

puted as 
m

g 

I
=

 
(y

 +
 E

{R
·-

-
斗
)

-1-
E

IR
-

方
＿
＿
二

t
=

 I +
 R

 -
E

{x) 

T
h

e form
ula averages lhe 

~
+

 E
{R

 -
x) and E

(R
 -

1 
star咖

g
Jn

ll endi.J1 
x, , r·!sp~ctivcly. A

s an 
g expected m

vcntories
· in

 a cycle
-

, gn
o

res the case w
here R

 _ 
approxim

ation, the expression 

3. 
E

xpecred sh 
£

{.r/ m
ay be negative 

orrage cost. Sh 
1s co

m
p

u
ted

 as 
on

age occur~w
hen x >

 R
 I 
·ts

 expected value per cycle 

` 
s ==丨

(x
-

R
)f(x

)d
x

 
R

 

B
ecau

se P
 is assum

ed to
 be 

sh
o

rtag
e cost 

proportional to the sh 
p

er cycle is p
S, and

, based on Q
 

ortage quantity o
nly, the expected 

u
n

it tim
e is..@

... 
=
庠

y cycles per unit tim
e, the sh 

y
/D

 
ortage cost per 

T
h

e resulting t~
 正I cost function per unit tim

e is 

D
K

 
T

C
U

(y
,R

) =
 y 

+
 h

G
 +

 R
- E(x)) 十

竺
f

00(x
-

R
)f(x

)d
x

 
R

 

T
h

e o
p

tim
al values, y* and R

* , are deterrnm
ed from

 

苧
＝
－
僭
）
弓
－
三
。

y 2 

iJT
C

U
 

互
－
（

加se
tw

o
'•"
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"
"
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d

 
y t 

= h-
閂

f(x)dx
=

 0 

/=
 

12D
(K

 +
 pS

) 

研一PD

h
=
 

x 
d 

'I, 
x 

,_` 
f 

oo 
fL

 
、
.,＇) I
2
 

,
\
,
\
 

T
h

e optim
al values of Y

 • and R
• cannot be determ

ined in closed form
s. A

n
 itera-

tiv
e alg

o
rith

m
, developed by H

adley and W
hitin (1963, p

p. 169-174), is applied to
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E
q

u
atio

n
s (l) an

d
 (2

) to
 find th

e so
lu

tio
n. T

h
e
 alg

o
rith

m
 co

n
v

erg
es in

 a finite n
u

m
ber of 

iterations, p
ro

v
id

ed
 a feasible so

lu
tio

n
 exists. 

F
o

r R
 =

 O
, E

q
u

atio
n

s (1
) a

n
d

 (2
) y

ield
 

'iD
(K

 +
 p

E
(x

l) 

，一
h 

~
 

P
D

 
y
=
一h 

- 
U

n
iq

u
e o

p
tim

al v
alu

es o
f y a

n
d

 R
 ex

ist w
h

en
 y 

c!:: y. T
h

e
 sm

allest v
alu

e o
f y

• is \/
草

w
hich occurs w

hen S =
 0. 

lb
e
 step

s o
f th

e
 alg

o
rith

m
 are 

S
le

p
8

. 

S
tep

L
 

U
se th

e
 initial so

lu
tio

n
 Y

t =
 y

• =
污
，

and
le

t R。=
0

. S
et i =

 1, an
d go 

to
 step i. 

U
se

 Yi to
 dete
画

n
e

R
; fro

m
 E

q
u

a
tio

n
 (2

). If R
;::::: 

R
;-1

, sto
p

; th
e o

p
tim

al 

so
lu

tio
n

 is y
• =

 y1, a
n

d
 R

• =
 

R
;. O

th
erw

ise, use R
; in

 E
q

u
atio

n
 (1

) to
 com

pute 

.»
-S

e
ti =

 i +
 1

. an
d

 rep
eat ste

p
 i. 

` 

E
xam

ple 1
6

.1
-2

 

E
lectro uses resin in its m

anufacturing process at th
e rate o

f 1000 gallons p
er m

onth
. ll cost 

E
le

d
ro

 S100 to
 place B

D
 order. T

he holding cost p
er gallon p

er m
o

n
th

 is $2, and the shortage cost 
p

er p
D

o
a

 is S10. H
istorical data sh磾

that
th

e dem
and d

u
rin

g
 lead tim

e is uniform
 in the range 

(0.100) p
llo

a
s. 正
一

e
the optim

al ordering p
o

licy for E
lectro. 

U
sing th

e sym
bols o

f the m
odel, w

e have 

D
•
 lO

O
O

plloasperm
onth 

K
 =

 S
lO

O
perO

lder 

,, -
S

2
p

er p
1

lo
n

 p
er m

onth 

p
•
 S

lO
p

erp
llo

a 

/(x)
一

-Ji .o s z s 
100 

司
工
」
一
5
0
p
l
l
o
a

B
rit. w

e n
eed

 to
 cbcck 

,
.a

a
d

jw
e
,e

t 
吐
呻

er
th

e problem
 has a unique solution. U

sing th
e equations for 

;
-
J
~

 
2 

.. n
4

.6
 gallons 

,. 1
0

 X
 1000 

~
-

-
SO

O
O

gallons 

~· , ••. uniq囯
國

lltioa exists fo
r y• an

d
 R". 

紜
Sileomputedas

I) 
1 

R
z 

100 d
x

 .. 
- -

200 
R

 +
 50 

國
它

U
sing S

in
 E

quations (1 ) and (2), "
e 0bta1n 

16.1 
C
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Y, =三
＝
囯
戸
声

gallons
［玉,, 五讒

::: 
E

quation (4) yields 

P, --
100 

.V, 

50 

W
e now

 use E
quations (3) ar.d (5)•o cictcrnur.e ,. ,i:e oplnnum

 solution. 
Iteration 1 

(5) 

YI =
启
＝
＼
丨戸戸

=
316.23 gallons 

R
1 =

 100 
316.23 

-
-

=
 93.68 gallo

ns 
50 

Iteration 2 

R/ 
s 

=
—

-
R1 +

 50 =
 .J997lgallons 

200 

Y2 =
 \1100,000 +

 10,000 X
 .19971 =

 3l9.37gallons 

H
en

ce, 

319.39 
R

2 =
 100 -

一
-

=
 93.612 

50 

Iteration 3 

s =
翌
一

十
50

=
 .20399 gallon 

200 
R

2 

T
hus, 

319.44 
R

」
=

100 -
一
一
=

93.611 gallons 
50 

B
ecause Y.J "" Yi and R

3 .,, R
2, the optim

um
 1s R

• "" 93.611 gallon
s
,/ "" 319.44 gallons. File 

exce/C
o111R

ev.xls can be used to determ
ine the solution to any degree of accuracy by spec」fying

the 

tolerance I
R

·-
R

·I T
he op tim

al inventory policy calls for ordering approxim
ately 320 gallons 

I
一

I
,

. 

W
henever the inventory leve 1 drops to 94 gallons. 

~
-----
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F
or the data given in Exam

ple 16.1-2,determ
ine the follow

ing: 
(a) lb

e approxim
ate num

ber of orders per m
onth. 

(b
) The expected m

onthly setup cosL 
(c:) 

T
he expected holding cost per m

onth. 
(d) The expected shortage cost per m

onth. 
(e) The probability of running out of stock during lead tim

e. 
•2. Solve Exam

ple 16.1-2, assum
ing that the dem

and during lead tim
e is uniform

 between 
0 and SO gallons. 

•.J. In Exam
ple 16.1-2. suppose that the dem

and during lead tim
e is uniform

 betw
een 40 and 

60 gallons. Q
血

pare
the solution w

ith that obtained in Exam
ple 16.1-2, and interpr以

the
results. (H

int: In both problem
s, E

(xl is the sam
e, but the variance in the present problem

 
is sm

aller.) 
4. Fm

d the optim
al solution (or Exam

ple 16.1-2, assum
ing that the dem

and during lead tim
e 

is N
(l00,2).A

ssum
c that D

 =
 10,000 gallons per m

onth, h =
 $2 per gallon per m

onth, 
p =

 $
4

 per gallon, and K
 =

 $20. 

16.2 
SIN

G
LE-PER

IO
D

 M
O

D
ELS 

This section deals w
ith inventory item

s that are in stock during a single tim
e period. A

t 

the end o
f the period, leftover units, if any, are disposed of, as in fashion item

s. Two 
m

odels w
ill be developed. T

he difference betw
een the tw

o m
odels is w

hether or not 
a setup cost is incurred for placing an order. 

T
he sym

bols used in the developm
ent o

f the m
odels include 

K
 =

 Setup cost per order 

h =
 H

olding cost per held unit during the period 
p =

 Penalty cost per shortage unit during the period 
, (D

) =
 p

d
f o

f dem
and, D

, during the period 
y =

 O
rder quantity 

JC =
 Inventory on hand before an order is placed. 

T
he m

odel determ
ines the optim

al value o
f y th

at m
inim

izes the sum
 of the 

expected holding and shortage costs. G
iven optim

al y
(=

 y•), the inventory policy calls 
for ordering y• -

JC if z
<

 y; otherw
ise, no order is placed. 

N
o-S

etup M
odel (N

ew
svendor M

odel) 

This.m
odel is區

wn
in the literature as the new

ivendor m
odel (the original classical na面

櫺
thenew

sboy m
odel). It deals w

ith stocking and selling new
spapers and periodicals. 

'Jhe assum
ptions o

f the m
odel are 

the 
at the start o

f the period im
m

ediately after 

'lllill, 
矗

己一

~~J 

己凸
{a) 

16.2 
Single-Period M

odels 
595 

D
>

 V
 

· 

『

rV,l- rD
I 

FIGURE 16.4 
H

olding and shortage invc:ntory in J single-period m
、xii!!

lim
e 

(b) 

Figure 16.4 dem
onstrates the inventor

· · 
If D

 <
 y. the quantity y -

D
is held d

· 
Y

 pos1t1on after the dem
and, D

, is satisfied. 

D
 -

y w
ill result if D

 >
 y. 

unng the period. O
therw

ise. a shortage am
ount 

T
he expected cost for the period. £(C

(y)), is expressed as 

E
(C

(y)l =
 I」 [(y

-
D

)f(D
)dD

 +
 p 1

00 (0 -
y)f(D

)dD
 

T
he function E

IC
(y)) can be show

n to be convex in y, thus having a unique mini一
m

um
. T

aking the first derivative of EIC(y)
丨 with

respect to
y and equating it to zero, 

w
e get 

h 1 
J (D

) dD
 -

p 1
00/ (D

)dD
 =

 0 

o
r 

hP(D
 s yj -

p(l -
PID

 s yl) =
 0 

o
r 

• 
p 

P!D
~

y
)

=
 -p

+
h

 

If the dem
and, D

, is discrete. then the associated cost function 1s 

00 
y 

E
{C

(y)) =
 I心

(y
-

D
)f(D

) +
 p L

 (D
 -

y)f(D
) 

D
=

y
+

I 
o

=O
 

T
he necessary conditions for optim

ality are 

2: £!C
(y)J and£(C

(y +
 1)) 2

: £
(C

(y)J 
E

IC
(y -

1)1 

k 



` 
le&

e condilioD
s a

te
 also suf色

t because E
(C

(y
)J is a c

o
n

v
e
x

 fu
n

ctio
n

. A
fte

r som
e 

a
lg

e
b

ra
ic

 m
an

ip
u

latio
n

s, th~ ~
p

p
licatio

n
 o

f th
e
se

 c
o

n
d

itio
n

s y
ie

ld
s th

e
 fol 

in'eqw
ilities for determ

ining Y
 • 
` 

low
ing 

p 
用
D

:s l
一

1)
s 

-
s 

P
(D

 s
刃

p
+

h
 

L
a

l!l"' 'IIJ 

~
1

&
.
2

-
1

 

'l'be O
W

D
C

I'of • 一
wants

to
 d

eten
n

in
e th

e n
u

m
b

er o
f n

ew
sp

ap
ers o

f U
SA

 N
o\\' to be 

螂
p
e
d
a
t
d
a
e
血

rtof each daJ.. lb
e

 o
w

n
er pays 30 cen

ts fo
r a co

p
y

 an
d

 sells it for 75 cents. The 

liled
d

ae ue•filM
P

6[ typically o
ccu

n
 b

etw
een

 7:00 an
d

 8:00 A
.M

. (practically, instant dem
and

) 

~
R

曰
k at the e

n
d

 o
f the d

ay
 are
西

cled
fo

r a
n

 in
co

m
e o

f 5 cen
ts a co

p
y. H

ow
 m

any 

ibou1d Ille o
w

a
e

r stoclt ev
ery

 m
o

rn
in

g
, assu

m
in

g
 th

at th
e d

em
an

d
 for th

e day can be 

--- W A
 n

a
n

n
a

l dilltribution w
ith m

ean
 300 co

p
ies an

d
 stan

d
ard

 d
ev

iatio
n

 20 copies. 

龕
＾
一

a.lllt/(D),defined as 
--' 

D
 

200 
220 

300 
320 

340 
/(D

) 
.1 

.2 
.4 

.2 
.1 

~;.J'.paltycostsare n
o

t defined directly in
 th

is situ
atio

n
. T

h
e d

ata o
f the prob­

i:ale lh
a
t~

l!ld
i"-,ld

 copy w
ill cost th

e o
w

n
er 30 -

S =
 2

5
 cen

ts an
d

 th
at the penalty 

"'"'.gout af.ttildt is 7S
一
30 =

 4S
 cen

ts p
er copy. T

hus, in
 term

s o
f th

e p
aram

eters of the 

'pioblan,'1111111缸
well =

 25 C
lC

llts p
er co

p
y

 p
er d

ay
 an

d
 p =

 45 cen
ts p

er copy per day 
, 
e
~

 庫
e

critical ratio as 

P
 

4
5

 
, 

+
h

 
4

S
+

2
S

 =
 .643 

D
這
N(300,

20). W
e can

 use exce/S
tatT

ables.xls to
 d

eterm
m

e the opti· 

eaterm
g

3
0

0
in

F
1

S
,2

0
in

 0
1

S
,a

n
d

 .643 in
 L

IS
, w

h
ich

 gives th
e desire d 

in
 R

lS
.A

ltern
ativ

ely
, w

e can
 u

se th
e stan

d
ard

 n
o

rm
al tables in 

z
=

 
D

-3
0

0
 

2
0

 

P
(z s .366) ,,. .643 

C
ase (b

). 
16.2 

S
ingle-P

eriod M
o

d
els 

5
9

7
 

T
h

e dem
and o foll 0w

s a discrete pdf,/(D
) ·F

irst. w
e determ

ine the C
D

F
 P

[D
 s YI as 

-
-
-

y P[D
 "'Y

I 
200 

220 
.1 

lO,,l 
320 

340 
.3 

.7 
. 

.9 
IO

 
-
--
一

·
一
-
~

一
-

-

F
o

r th
e co

m
p

u
ted cri?ica! 1 atJo t,: .64..;, T

~
 缸

•·e

i', D
 s 

l':G
)~

.c'i:1 s 
P

(D
 s 

3lJO
) 

It o
n

ly
 follow

s that y'
=

 JiiO
 c,ipi~~ 

P
R

O
B

L
E

M
 S

E
T

 1
6

.2
A

 

1
. 

F
o

r the single-period m
od

d
, 5how

 that for 11 
is d

eterm
ined from

 
1e discrete dem

and the optim
al order quantity 

P
[D

 :S
 / 

II 
:S

 
p 

-—
:S

 P
(D

 ,;; 刃
p +

 lz 

2. 
T

h
e d

em
an

d
 for an item

 during a single period occurs instantaneo
usly at the start o

f 

th
e period. T

he associated pdf is uniform
 betw

een 15 and 20 units. B
ecause of the 

difficulty in estim
ating the cost param

eters, the order quantity is determ
ined such that 

th
e probability o

f either surplus or shortage does not exceed. I. Is it possible to satisfy 
b

o
th

 conditions sim
ultaneously? 

*3. 
T

h
e unit holding cost m

a sm
gle-penod inventory situation is $1. If the order quantity 15 

4 units, find the perm
issible range of the unit penalty cost im

plied by the optim
al 

conditions. A
ssum

e that the dem
and occurs instantaneously at the start o

f the period 

an
d

 th
at the p

d
f o

f dem
and is as follow

s: 

D
 

O
 

1
2

3 
4 

5 
6 

7 
8 

f(D
) 

.05 
.I 

,1 
.2 

.25 
.15 

.05 
.05 

.05 

4
. 

T
h

e U
 o

f A
 B

ookstore offers a program
 0 f reproducing class notes for participating 

professors. P
rofessor Y

ataha teaches 3 freshm
en-level class w

ith an enrollm
ent o

f 

b
etw

een
 100 and 150 students, uniform

ly distributed
. A

 copy costs $10 to produce, 

an
d

 it sells for $25. T
he students P urchase their books at the start of the sem

ester. 

A
n

y
 u

n
so

ld
 copies o f P

rofessor Y
ataha's notes are shredded for recycling. In th

e 

m
ean

tim
e, once the book5!ore runs out of copies, no add111onal copies are printed. If 

·ts revenues, how
 m

any copies should it print? 
th

e b
o

o
k

sto
re w

ants to m
axim

ize 1 
w

ith coffee and donuts at 6:00 A
.M

. each day. T
he 

S
. 

Q
u

ick
S

to
p

 provides t ·ts custom
ers 

convenience store buys the donuts for 7 cents apiece and sells them
 for 25 cents apiece 

the donuts se II for 5 cents apiece. T
he num

ber o
f 

u
n

til 8:00 A
.M

. A
fter 8:00 A

.M
., 

6:00 and 8:00 is uniform
ly distributed betw

een 

cu
sto

m
ers buym

g 
. 

donuts betw
een orders 3 donuts w

ith coffee. A
pproxim

ate ly how
 m

any 

3
0

 an
d

 50. E
ach cus tom

er usually 

d
o

zen
 donuts should Q

uic kStop stock every m
orm

ng 
·

to m
aX

1m
1ze revenues? 
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~C
olonyS

hopisstoc:ldng heavy coats for next w
inter. C

olony pays $50 for a coat and 
sells it for $110. A

t the end of the
血

ter season, C
olony offers the coats at $55 each 

1be dem
and for coats during the w

inter season is m
ore than 20 but less than or equal 

to 30, all w
ith equal probabilities. B

ecause the w
m

ter season 1s short, the unit holding 
cost is negligible. A

lso, C
olony's m

anager does not believe that any penalty w
ould result 

from
 coat shortages. D

etennine the optim
al order quantity that w

ill m
axim

ize the 
revenue for C

olony Shop. Y
ou m

ay use continuous approxim
ation. 

7. For the single-period m
odel, suppose that the item

 is consum
ed uniform

ly during the 
period (rather than instantaneously at the start of the period). D

evelop the associw
d

 
cost m

odeL and find the optim
al order quantity. 

L
 

Solve E
xam

ple 161-1,assum
ing that the dem

and is continuous and uniform
 during the 

period and that the pdf o
f dem

and is uniform
 betw

een O
 and 100. (H

int: U
se of the results 

o
f Problem

 7.) 

16.2.2 
S

etup M
odel (s-S Policy) 

1bc present m
odel differs from

 the one in S
ection 16.2.1 in that a setup cost K

 is incurred 
U

sing the sam
e notation. the total expected cost per period is 

E
(C

(y)I =
 K

 +
 E

(C
(y)I 

=
 K

 +
 h l1

(y
 -

D
)f(D

)d
D

 +
 p f

00(D
 -

y
)f(D

)d
D

 

A
s show

n in S
ection 16.2.1, th

e optim
um

 value y拿 must
satisfy 

p 
P

{y
s
y
*J

=
 -p

+
h

 

Bo.cause K
 is一
,

the m
inim

um
 value o

f E
(C

(y)} m
ust also occur at Y

· 
lo

 figure 16.S, S =
 y•, and th

e value o
f s(<

S
) is determ

ined from
 the eq uation 

E
{C

(s)) =
 E

{C
(S

)) =
 K

 +
 E

(C
(S

)},s <
 S 

yields another value s1 (>
S

), w
hich is discarded. 

, 
E

jC(y)I 

l \
'/

;
 

£1l'(S)J 
-
-
-

.EIC(S)I r----j------r--
I 

, 
, 

, 
~
 

s 
s, 

y 
-
一

D
o not order 

L 
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A
ssu

m
e that

· 
x is the am

ount 
should be ordered? T

h
 

on han<l bef 
1s ql!cstion

· 
ore an o

rder is placed. H
ow

 m
uch 

1~an~w
ered under three conditions: 

1. 
X

 <
 

S
. 

2. 
S

 :5
 X

 
:5

 S. 
3. 

X
 >

 S. 

C
ase 1 (x >

 s). 
B

ccnuse ., , ; 1or:t:at.iy on h
a
n
」

.
If any additional am

ount y -
' 

. 1ls equivalent cost is given b
y

£
C

 x 
. 

tty
>

 x) is tin
lercd th 

(
(
)
 I 

E
民

(y)},
w

h.ich include、 lh
. 

e corresponding cost given y is 
,, Setup co~t K

. From
 Figure 16.5, w

e have 

瓢
緯

(>))
=
鸊

(S) )
<

 E
(C

(x)) 

T
hu s, the optim

al inventory policy in this case is lo order S -
x units. 

C
ase 2 (s s 

x s 
S

). 
From

 Figure 16.5. w
e have 

E(C
(x)I 

$ 
m

in E(C
(y) l =

£
(C

(S
)) 

y
>

x 

T
hus, it is not advantageous to order in this case and

/ 
=

 x 

C
ase 3 (x >

 S
). 

From
 Figure 16.5, w

e have for y >
 x, 

E(C
(x)) <

 E
佰

(y) )

面
s condition indicates that, as in case (2), it is not advantageous to place an order-

that 
is, /

=
 x. 

T
h

e optim
al inventory policy, frequently referred to as the s-S policy, is 

sum
m

arized as 
Ifx <

 s,order S -
x 

If x
~

s, do not order 

T
he optim

a lity of the s-S policy is guaran teed because the associated cost function is convex. 

E
xam

ple 16.2-2 

T
he daily dem

and for an item
 during a single peno 

·
d occurs instantaneously at the start of the 

d is uniform
 betwi:en o and 10 units. The unit holding cost of the item

 
period. T

he pdf of the dem
an 

nalty cost for running out of stock is $4.50. A
 fixed cost of 

during the period is $.50. an d the unit pe 
D

etem
iine the optim

al inventory pohcy for the item
. 

· $25 is incurred each tim
e an or der is placed 

To determ
ine

/, consider 
p 

4.5 
-

=
.9 

-
-

=
 

p
+

h
 

4.5 +
 .5 

A
lso, 

l
1 

/ 
PID~/I"'1

面
dD "'商



鷓
O

C
h

ap
ter 1

6
 

P
robabilistic Inventory M

o
d

els E
IC

(y)J 

一一一一一云一一一一一一一
一 一 一一

~
/

-庄二二二
FIG

U
RE 16.6 

..s p
o

licy appl國
t
o
E
n
平

16.2-2

lbus.S
-=

 y• 一
9.

1
b

e
 e,qJtttl'd cost func:tion is 

E
(C

(y
)I• .S 17 _!_ (y

 -
D

)d
D

 +
 4.5户

(D
-

y
)d

D
 

o 
10 

10 

.. .25y2 -
4.S

y +
 22.5 

T
h

e value o
f sis determ

ined b
y solving 

E
(C

(s)I =
 K

 +
 E

(C
(S

)) 

O
r 

2
紀
-

4.S
s +

 22.S =
 25 +

 .25S2
一

4.5S
+

 22.5 

G
iven S .., 9

, the pa:eding equation reduces to
 

；
一

1氐
-
1
9

=
 0 

The IO
lution o

f this equation is• "
'-1

 o
rs =

 19. T
h

e value o
fs >

 S is discarded. Beca函
the

rem
aiaing value ii negative (• 一1),s b訌

no
feasible value. A

s F
igure 16.6 show

s, the optim
al 

i1M
u1orJ policy iD

 tbiscase calls for n
o

t ordering th
e item

. T
his result usually happens w

hen t he cOSI 

funcliaa is "flat" o
r w

hen th
e setu

p
 cost is high relative to

 th
e o

th
er costs o

f the m
odel. 

l'R
O

B
LE

M
 SET 16.28 

91. D
eterm

ine the optim
al inventory policy fo

r th
e situ

atio
n

 in E
x

am
p

le 16.2-2, assum
ing 

tbat
缸

setup
ex, 吐

ss.

.... 恤
~
m
o
d
e
l

in
 Section J6.2

.1
, 1uppose th

at th
e m

o
d

el m
axim

izes profit 
d

i.It a IC
tU

p C
O

it K
吐

ICW'led.
O

lv
en

 th
at r is th

e u
n

it selling price an
d

 using the 
ill紜
紐

16.2.1,d
ev

elo
p

 an
 ex

p
reu

io
n

 fo
r th

e ex
p

ected
 profit, ao<l 

•,U
lcoplim

al o
rd

er quantity. S
o

lv
e th

e p
ro

b
lem

 num
erically for r "

's3
. 

虻
$4,h•

S
t.a

n
d

 K
•
 S

10. The d
em

an
d

 p
d

f is u
n

ifo
rm

 hctw
een 0 and 10. 

｀
缸

16.2a,... 严
g

th
at th

ere is a
「ixed

co
st o

f $10 assoc• 'ated w
ith 

«
皿
黷

M
U

L
T

IP
E

R
IO

D
 M

O
D

E
L
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M
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T
h

is sectio
n

 p
resen

ts . 
A

d
d

itio
n

ally, th 
d m

:1l1ip~rw
e1~i,:dcl 

e m
odi!! d!::-iws

如
ck'

und"r th 
fu

rth
er assu

m
es that th··

'"i'-
uf dem

and and e assum
ption o

f n
o

 seiu
p

 cost. 
_ d~m

~nd D
·
a
s
s
u

m
e
s
 a zero-delivery lag. It 
a stat1o

na 
T

h
e m

u
ltip

eriotl rnod<!l 
111 any pciiod is described by 

i.:on .. idtrs the ct· : scounled value o
f 

ry p
d

f.J(D
). 

d
isco

u
n

t facto
r p

er peciod 
th 

m
oney. If a (<

 J) is th
e 

, 
, <

'il 211 am
oun

t $A
 available n perio

ds from
 n

o
w

 h
as 

a p
resen

t v
alu

e o
f $

a
勺
．

S
u

p
p

o
se th

at th~
i!:v ::mr,r)

、ituation
d

em
an

d
 can

 b
e b

ackl 
encun1passes n 

c>ge::d ex:m
r 

periods an
d

 th
at unfilled 

Y
on ·! period. D

efine 

F
;(x;) =

 M
axim

um
 C

J/pected p
a•f,, fer period斗

i +
 1 , • •. , an

d
 n. given that 

X
; is th

e am
ou

nt on hJnd before an ord er IS placed in period i 

U
sin

g
 th

 e n
o

ta
tio

n in S
ection 16.2 an<.J assum

ing th
at c an

d
, are th e cost an

d
 reven

ue 
p

e
r u

n
it , resp

ectively, the inventory situation can b
e fo

rm
ulated

 
p

ro
b

ab
ilistic d 

using th
e follow

ing 
y

na
m

ic p
rogram

m
ing m

odel (see C
hap

ter 24 on the w
eb

site) 

F,,+
1(Yn -

D
) =

 0 

F
;(x;) =

 
m

ax
 {-c

(y
; -

x;) +
 J

Y1[,D
 -

h
(y; 一

D)]f(D)dD
y,acx1 

。

+
 f 00[,y; +

 ar(D
一 Y;)

- p(D
一 Y;)]f(D)dD

y, 

00 
+

 a J 
fi+

1(y; -
D

)f
(D

)d
D

 }
. i =

 1,2, ... ,n
 

。

T
h

e
 v

alu
e o

f x; m
ay

 b
e negative because unfilled dem

and is backlogged. T
h

e q
u

antity 
a
r(D

 -
y;) in

 th
e second integral is included because (D

 -
y,) is the unfilled de

m
a

nd 

in
 p

erio
d

 i th
at m

ust b
e filled in period i +

 l. 
·
I
 . F

or the case w
here the num

ber o
f period

s 
T

h
e p

ro
b

lem
 can

 b
e solved recu

rsive Y
 

.
. 

1s in
fin

ite th
e recursive equation reduces to 

, 

F
(x

) =
四
社

-c(y
-

x
) +

 l
Y[rD

 -
h

(y - D))」(D)dD
00 

+
」

[ry
+

 ar(D
 -

y) -
p

(D
 -

y)]f(D
)d

D
 

+
 a

/
"" F

(y -
D

)f(D
)d

D
}

 

。
d before and after an o

rd
er is 

W
h

ere x a
n

d
 y are th

e inventory levels for each p
erio

 

receiv
ed

, respectively. 
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T
he optim

al value o
f y can

 b
e determ

ined from
 th

e follow
ing necessary condition. 

w
hich also happens to

 b
e sufficient because th

e expected revenue function F (x) is concave 

塑
＝
一

c
-

h /1
/(D

)d
D

 +
 /0

0
[(1

 -
a
)r +

 p
]f(D

)d
D

 
ay 

o 
, 

+
 a Joo血

~f(D)dD
=

 0 
。

ay

T
h
e
V
l
血
e
o
f m

,-01 
., 

is d
eterm

in
ed

 as follow
s. If th

ere are /3 (>
 0) m

o
re un

its on hand 

a
t th

e start o
f th

e next peri吐
the

p
ro

fit fo
r th

e n
ex

t p
erio

d
 w

ill in
crease b

y c/3
, be~ause 

th
is m

u
ch

 less b
as to

 b
e o

rd
ered. T

his m
ean

s th
at 

aF
(y

 -
D

) 

ay 
=

c
 

T
h

e n
~

r
y

 condition th
u

s b
eco

m
es 

-c 一 h
L

1
f(D

)d
D

 +
 (c1 -

a
)r +

 p ](1
 -

l't(D
)d

D
) +

 a
c /

00 f(D
)d

D
 =

 0 

。

T
h

e optim
um

 inventory level y* is th
u

s d
eterm

in
ed

 fro
m

 

j;f
(
D

)
d

D
 =

 
p +

 (1 -
a
)(, -

c) 

o 
p +

 Ii +
 (1 -

a
)r 

T
h

e optim
al inventory policy fo

r each
 p

erio
d

, given its en
terin

g
 invento

ry level x. 

董
th111givenas

P
IO

IL
E

M
 S

E
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